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This paper presents a qualitative explanation for the hollowness effect shown by the inelastic
overlap function, claiming this result is a consequence of fundamental thermodynamic processes.
Using the Tsallis entropy, one identifies the ratio of the energy to its critical value in the total
cross-section with the entropic index w. Moreover, one replaces the probability density function by
the inelastic overlap function, which represents the probability of an event in a given energy and
impact parameter. Both the Coulomb potential and the confinement potential are used here as naive
approaches to describe the internal energy of the colliding hadrons. The Coulomb potential in the
impact parameter picture is not able to furnish any reliable physical result near the forward direction.
However, the confinement potential in the impact parameter space results in the hollowness effect
of the inelastic overlap function near the forward direction.
PACS numbers: 13.85.Dz;13.85.Lg
I. INTRODUCTION
The proton-proton (pp) and antiproton-proton (p¯p) elastic scattering at high energies remain as one of the most
surprising open issues of the collision processes. Some of these open questions may be solved by the new phase of the
so-called High Luminosity Large Hadron Collider (HL–LHC), which will deliver 3000 fb−1 of integrated luminosity
[1]. In the future, other issues certainly will arise, resulting in the construction of novel models or the improvement
of the present-day ones.
As well-known, the geometrical point of view of pp and p¯p scattering is an important tool used to describe its
dynamics, furnishing insights and approaches for the non-perturbative QCD. Of course, protons and antiprotons are
not point-like objects, but at high energies, they behave quite similar to the black disk picture of classical optics, as
can be observed in the experimental results obtained over decades. However, recent experimental results and model
approaches indicate this picture is not accurate enough.
From the original hypothesis pointed out in [2, 3] showing a gray area occurring in the impact parameter space at
b = 0 fm, resulting the idea of a hollowness effect [4] suggesting the presence of a minimum in the inelastic profile
function at zero impact parameter. This unexpected behavior produced a series of explanations [2–11]. However, none
of these approaches takes into account the entropy associated with the elastic scattering in the impact parameter space.
As shown in [12], the Tsallis entropy (TE) can be connected with the inelastic overlap function and with the squared
energy critical value sc, associated with a phase transition in the total cross section experimental dataset. This critical
value divides the total cross section dataset into two samples with different fractal dimensions, exposing the presence
of a multifractal character in this physical quantity [13]. It is important to stress here that the TE emerges exactly
in the context of multifractal structures [14].
On the other hand, the multifractal feature also occurs in the momentum space [15–20], reinforcing the necessity of
using the TE, as shown in [21]. Thus, the multifractality of pp and p¯p, in different variables, should be noted in the
impact parameter space, revealing some novel physical aspect, for instance, in the behavior of the inelastic overlap
function.
For the complete development of the present approach, one also should calculate the internal energy of the hadron.
However, this is a very hard question and presently unsolved. Thus, at first glance, one proposes the study of two
potentials mimicking the internal energy of the hadron. The first one is the Coulomb potential replacing the internal
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2energy of the hadron, resulting in pp and p¯p being treated as billiard ball collisions. Of course, this potential is
unable to present any information about the internal structure of the hadrons. As a result of the approximations,
any information near the forward direction is lost (b < bmin). The second approach, however, uses the confinement
potential and, contrary to the first one, it allows a view of the internal arrangement of quarks and gluons manifested
in the impact parameter space by studying the inelastic overlap function behavior, for instance. The consequence, we
claim here, is the arising of the hollowness effect near the forward direction, as shown along the text.
It should be stressed that, in the present approach, we are not interested in to present a model that produces the
best fittings results. The interest here is to study the theoretical consequences of the phase transition occurring in pp
and p¯p elastic scattering from the point of view of the TE in the impact parameter space.
The paper is organized as follow. In section II one sets the problem. In section III, one presents both potentials
used to mimic the internal energy of pp and p¯p. The section IV presents the discussions and conclusions.
II. HOLLOWNESS EFFECT AND ENTROPY
The high energy pp and p¯p elastic scattering can be analyzed by using both the transferred momentum q2 and
the impact parameter b since these variables are connected through a Fourier-Bessel transform. Thus, the physical
constraints of one space are rewritten in the other one, sometimes revealing details or furnishing insights to solve a
problem.
The impact parameter space is the geometrical point of view of the elastic scattering, possessing a clear classical
appeal. In this sense, the black disk picture is naturally used to describe pp and p¯p elastic scattering. The elastic
scattering amplitude F (s, q2) is written by using the impact parameter as
F (s, q2) = i4pi
∫
0
∞
bdbJ0(qb)
{
1− exp[iχ(s, b)]} = i4pi∫
0
∞
bdbJ0(qb)Γ(s, b). (1)
Here
√
s is the collision energy in the center-of-mass system, J0(x) is a zeroth order Bessel function, and χ(s, b) is the
eikonal function written as
χ(s, b) = Reχ(s, b) + iImχ(s, b), Imχ(s, b) ≥ 0, (2)
where the imaginary part corresponds to the opacity function, identified with the matter distribution inside the
incident particles. It is used the following view of the optical theorem s−1ImF (s, 0) = σtot(s), where σtot(s) is the
total cross section for the interaction process [12]. The profile function Γ(s, b) = ReΓ(s, b) + iImΓ(s, b) is the elastic
scattering amplitude in the impact parameter space for a fixed s and it is able to give an estimate of the particle
interacting radius and also an analysis of their internal structure. Furthermore, the unitarity condition is written
using the inelastic overlap function as
0 ≤ Ginel(s, b) = 2ReΓ(s, b)− |Γ(s, b)|2 ≤ 1, (3)
that represents the probability of absorption associated with a specific (s, b) pair and, one expects, as moving away
from the forward collision (b = 0), the interaction probability diminishes. The general belief is that, at b = 0 and
for a sufficient high energy, Ginel(s, 0) → 1, implying that for s → ∞ both, pp and p¯p, presents the same physical
behavior near the forward direction. Several theorems were proven from the 1960’s, and some of them established
the fundamental theoretical basis of the high-energy elastic scattering. For instance, the elastic to total cross section
ratio is one of these remarkable results obtained from a well-established basis [22–26]. The detailed analysis of this
cross section ratio in nucleon-nucleon collisions [27] shows that, at high energies, the approximate relation
σel(s)/σtot(s) ≈ 1/4 (4)
holds for pp up to the highest experimentally reached energy
√
s = 57 TeV within the large errors for this point.
The unitarity equation (3) also can be written as
Ginel(s, b) = ReΓ(s, b)[2− ReΓ(s, b)]− Im2Γ(s, b). (5)
This result can be rewritten by taking into account derivative dispersion relations and the crossing property for
ImΓ(s, b). Notice that derivative contributions depend on the transferred momentum involved, i.e. when q2 → 0,
the contribution of the derivative term occurs in the periphery of the collision and, when q2 → ∞, the contribution
is central. Thus, the expression (5) possess two regimes, depending on b is central or peripheral. Considering large
values of b, ImΓ(s, b) ≈ ReΓ(s, b) and, therefore, derivative terms should be taken into account. However, for small
3values of b, ImΓ(s, b) ≪ ReΓ(s, b), and derivative terms can be neglected. Then, considering small values of b, one
writes
Ginel(s, b) ≈ ReΓ(s, b)[2− ReΓ(s, b)], (6)
and one can identify 1 ≤ ReΓ(s, b) ≤ 2, where ReΓ(s, b) = 2 is the completely non-absorptive case and ReΓ(s, b) = 1
is the full absorptive case. Taking the partial derivative with respect to b of (6), one obtains (∂x ≡ ∂/∂x)
∂bGinel(s, b) ≈ 2∂bReΓ(s, b)[1− ReΓ(s, b)]. (7)
Note that at some critical value bc, the ∂bGinel(s, b)|b=bc = 0 can be reached if ∂bReΓ(s, b)|b=bc = 0 and / or
ReΓ(s, bc) = 1. The and connective means that bc is a critical value and the process is completely absorptive at bc.
On the other hand, the or case is analyzed as follows. If ∂bReΓ(s, b)|b=bc = 0 but not ReΓ(s, bc) = 1, then bc is a
critical value not representing the full absorptive case, i.e. the inelastic overlap function does not produce the black
disk pattern at bc. On the contrary, the full absorptive case does not represent a critical point of ReΓ(s, b). This is
the non-physical result since the inelastic overlap function is limited. Thus, there are two situations able to furnish
a zero in ∂bGinel(s, b) at some critical value of the impact parameter, b = bc. The first situation can be achieved by
considering that at b = bc the ∂bReΓ(s, b)|b=bc = 0
⋂
ReΓ(s, bc) = 1, hence bc is a critical value and represents the
full absorptive case. The second situation can be achieved if ∂bReΓ(s, b)|b=bc = 0
⋂
ReΓ(s, bc) 6= 1.
Taking into account the allowable range of ReΓ(s, b), then the sign of ∂bReΓ(s, b) determines the sign of ∂bGinel(s, b).
Considering ∂bGinel(s, b) > 0, the only possible physical result is ∂bReΓ(s, b) < 0 and vice versa. Therefore, the sign of
∂bGinel(s, b) is controlled only by the sign of ∂bReΓ(s, b) and the inelastic overlap function change its sign in agreement
with b (fixed s). As stated above, ReΓ(s, b) is related to the imaginary part of F (s, q2) and, changing the sign of
ImF (s, q2), this also represents a changing in the sign of ReΓ(s, b). As well-known, ImF (s, q2) oscillate conforming to
q2 and, therefore, the sign of ∂qImF (s, q
2) change as q2 increases.
On the other hand, one can analyze the behavior of Ginel(s, b) considering the TE. Note that exists several ways to
compute the entropy of a thermodynamic system, being the well-known Boltzmann entropy the most popular. This
entropy is applied, usually, into a system of non-interacting particles. Hence, this entropy is additive: the entropy of
the whole system is the sum of the entropy of each subsystem. However, a system containing interacting subsystems
(sometimes strongly correlated) needs an entropy calculation that takes into account this feature.
The TE can naturally be applied for correlated systems since it is non-additive. Moreover, Re´nyi entropy [28],
Shannon entropy [29], Abe entropy [30] and Boltzmann entropy, for instance, can be reduced to the TE [31, 32].
Furthermore, the TE possesses two (among others) interesting mathematical properties: it is concave for all w > 0, a
crucial characteristic for an entropy function and it obeys the Lesche–stability condition, i.e. it is stable under small
perturbations of probabilities. Considering these properties, the TE is able to furnish a description of the physical
system under study.
Bearing in mind the above considerations, the entropic index w of the TE is replaced by the square of energy s [12]
w = s/sc, (8)
where sc is the squared critical energy associated to the BKT-like phase transition [12], whose consequence is the
fractal structure of the total cross-section [13]. In this sense, w plays the physical role of a transition parameter at
each s considered. When s > sc, the fractal dimension is positive and negative when s < sc, i.e. the TE possess two
behaviors depending on w > 1 or w < 1. On the other hand, the negative fractal dimension can be viewed as a measure
of the emptiness of the hadron (the slowdown part of the total cross-section data); the positive fractal dimension can
be associated with the usual measure of the total cross section (the growing part of the total cross-section data) [13].
In [12], the TE is identified with the scattering at fixed s by means of the inelastic overlap function Ginel(s, b), due
to non-elastic s-channel intermediate states as (k ≡ s/sc − 1)
ST ≡ ST (s, b) = k−1[1−Ginel(s, b)], (9)
where, for the sake of simplicity, one assumes m = 1 and n = 1 [12]. It is interesting to note that unitarity demands
0 ≤ Ginel(s, b) = 1− kST ≤ 1 implying the replacement kST → S˜T , where S˜T is the normalized entropy.
As well known, the inelastic overlap function takes into account all the intermediate inelastic channel contributions,
resulting in the entropy (9) which can be associated with the inelastic scattering contributions. In the above result,
if Ginel(s, b)→ 1 (the black disk limit) then ST → 0. The physical meaning of this result is simple: at the black disk
limit, the system (the motion of the internal constituents) is in its lowest (or highest) possible value, as stated by
Quantum Mechanics. Therefore, the physical state of the system is well defined.
The inelastic overlap function is interpreted as the probability of an elastic scattering in a given (s, b). Thus,
Ginel(s, b) = 1 implies that at head-on collision b = 0 (or at some b 6= 0), the probability achieves its maximum as
4well as the entropy tends to its minimum. In general, the belief is that at s → ∞, the black disk limit is achieved
at b = 0. However, this is not necessarily true since there is a change in the sign of the inelastic overlap function in
accordance with s/sc. To see this, observe that the partial derivative of ST with respect to b is given by
∂bST = −k−1∂bGinel(s, b). (10)
Assuming s > sc (high energies regime), the sign of ∂bST is determined by the sign of ∂bGinel(s, b). In this regime,
the fractal dimension of the total cross section is positive, representing the increase of the matter density inside the
hadron [13]. Therefore, in accordance with the above analysis, bc determines a region inside of the hadron where the
entropy increases (b > bc) or decreases (b < bc). On the other hand, considering s < sc (low energies regime), the
existence of bc implies in an increasing (b < bc) or decreasing (b > bc) entropy. The fractal dimension of the total cross
section is negative, representing the emptiness of the hadron or the absence of a well-defined internal structure [13].
The same result is obtained replacing (7) into (10), showing a matter distribution in accordance with the existence of
bc and determining the entropy behavior.
III. INTERNAL ENERGY AND EFFECTIVE POTENTIAL
The total internal energy U of a hadron, as well known, cannot be deduced from the first principles of thermody-
namics. One assumes here, as a first approximation, that U is a function of the effective potential V , thus U ≈ U(V ).
Of course, this first approximation excludes the kinetic term and the action due to external forces. Despite this, the
approximation seems in agreement with calculations within the T -matrix approach [33] at least on the qualitative
level.
In consonance with the preceding section, one replaces kST by its normalized form sinceGinel(s, b) obey the unitarity
condition. Therefore, the entropy of the above system can also be written by using the thermodynamics assuming
small variations on the hadron volume and constant number of particles–constituents in the system as
∂U S˜T = T˜
−1(s, b), (11)
where T˜ (s, b) ≡ T (s, b)/k = ±1 is the normalized temperature [12]. Keeping the information about the phase
transition [12], the qualitative behavior of the inelastic overlap function is studied here. The following chain of the
equations can be obtained within the potential approach [12]: ∂bS˜T = T˜
−1(s, b)∂bV (s, b)−V (s, b)T˜−2(s, b)∂bT˜ (s, b) =
T˜−1(s, b)∂bV (s, b) with taken into account above T˜ (s, b). Then, it is deduced the particular relation ∂bGinel(s, b) =
−T˜−1(s, b)∂bV (s, b), in which one can use |T˜ (s, b)| without lost of generality. It allows the use of a simple ansatz
Ginel(s, b) = 1− V˜ (s, b), (12)
to solve the last differential equation within the potential approach, where V˜ (s, b) can be obtained with the help of
some procedure from the potential V (s, b) in order to preserve the validity of the unitarity condition (3). Taking
into account this condition it should be 0 ≤ V˜ (s, b) ≤ 1 and, consequently, the normalization can be suggested as
such procedure with the specific details depending on the view and behavior of the V (s, b) in the kinematic region
under study. It should be noted some restricted ranges of impact parameter (bmin ≤ b ≤ bmax) and collision energy
(smin ≤ s ≤ smax) are actually considered with finite values of boundaries bmin/max, smin/max. The following general
statement can be obtained from (12): the black disk regime Ginel(s, b) → 1 is reached only if V˜ (s, b) → 0 in some
kinematic domain and / or separate points of the (s, b) plane. Thus, within the potential approach, the above ansatz
has as consequence the obvious result
S˜T (s, b) = V˜ (s, b) (13)
replacing (12) into the relation (9). Consequently, the b-dependence of the TE is the same as for effective potential
V˜ (s, b). In general, the s-dependence of the ST for certain types of the potential V (s, b) can be deduced with the help
of the (13) and k in accordance with the definition of the normalized TE at appropriate choice of the parameters like
sc. In addition, one can note that the equation (13) is in agreement with the (11).
One considers here two potentials in the impact parameter space as attempts to explain the behavior of the inelastic
overlap function. The first one is the well-known Coulomb potential, which allows a naive view of the inelastic overlap
function from the outside of the hadron. The second one is the confinement potential, that represents the view from
the internal constituents of the hadron [12].
5A. Coulomb Potential
In this first glance, one assumes the Coulomb potential as able to describe the hadron energy treating the hadrons
as point-like particles. Despite this naive approach, it can furnish at least a classical picture of the inelastic overlap
function. Assuming r = |ri − rj | as the distance between the hadrons placed at ri and rj and with masses m2h ≪ s,
then using the impact parameter b one can approximate the Coulomb potential VC(r) = −a/r at fixed s by
VC(r) ≈ VC(s, b) = −ab−3
(
b2 − 2/s). (14)
Here a > 0 is a dimensionless parameter corresponding to the electrostatic interaction of the pair, b = r cos θ, where
θ is the angle between b and r [34]. The Fig. 1 shows the b- (a) and the s-dependence (b) for exact view of Coulomb
potential and its approximation in the impact parameter space (14). In the last case, the curves are shown for the
fixed
√
s = 31.0 and 52.8 GeV (Fig. 1a) and for the fixed b = 0.01 and 0.02 fm (Fig. 1b).
The approximation done above is better for the peripheral collision than for central, since VC(s, b)→ VC(r) to b→∞
and r →∞, as shown in Fig. 1a1. The minimum of the VC(s, b) is placed at bmin =
√
6/s, VC(s, bmin) = −a
√
2s/27,
which roughly means that considering b >∼ bmin, VC(s, b) ≃ VC(r), as seen in Fig. 1a. Thus, the approximation in (14)
is used to b > bmin and information about b → 0 is forbidden, i.e. any information obtained to VC(s, b < bmin) may
not correctly describe the elastic scattering from the impact parameter point of view. At given b, is expected that
the approximate function VC(s, b) will reasonably agree with curve for exact Coulomb potential at s > smin, being
improved with the growth of the collision energy, where
√
smin =
√
6/b for fixed b. This statement is confirmed in
Fig. 1b: the range of
√
s for coincidence between curves for VC(r) and VC(s, b) expands down on the smaller collision
energies with growth of the b.
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FIG. 1: Dependence of the exact view of Coulomb potential (solid lines) and approximate relation (14) on the impact parameter
(a) and on the collision energy (b): a – the dotted line corresponds to the approximation (14) at
√
s = 31.0 GeV and the
dashed line – to the (14) at
√
s = 52.8 GeV; b – the dotted curve is the approximation (14) at b = 0.02 fm and the dashed line
– the (14) with b = 0.01 fm. The values a = 1, θ = 0 are used in approximate view of the VC(r), for the sake of simplicity.
1 We are not interested here in the description of the tail of the inelastic overlap function. Therefore, we do not take into account derivative
terms.
6The Coulomb potential is of long-range and ∀ r : VC(r) < 0, consequently, VC(s, b) < 0 at any b and s. Considering
the potential with constant sign, the following normalization is used
V˜ (s, b) =
[
V max(s, b)/V (s, b)
]γ
, (15)
where V max(s, b) is the potential maximum, γ = ±1 with up (down) sign for negative (positive) values of V (s, b),
within the whole range of values of the kinematic parameter considered. Thus, considering the ansatz (12), one writes
GCinel(s, b) = 1− V˜C(s, b) = 1−
b
bmax
1− 2/sb2max
1− 2/sb2 , (16)
where V˜C(s, b) is the effective (normalized) Coulomb potential defined by (15) with γ = 1 and V
max
C (s, b) ≡ VC(s, bmax),
as a result of the negative values and smooth behavior of the VC(s, b) in Fig. 1.
The impact parameter bmax is the appropriate value for high boundary of b, and here we use bmin ≪ bmax for the
evaluation of bmax. The detailed study of (Fig. 1) assumes that G
C
inel(s, b), defined by (16), can only describe the
region b ≥ bmin, at fixed s and within the range s ≥ smin, at fixed b. The approximate relation
V˜C(b) ≈ b/bmax, (17)
is applicable for b > bmin in the kinematic domain of validity of the condition sb
2 ≫ 2. The approximately energy-
independent behavior of GCinel(s, b) is expected in almost whole allowed range b ∈ [bmin, bmax], with exception of
the narrow region, close to the low boundary. The (very) weak dependence on GCinel(s, b) over
√
s may due to the
approximate relation (17) and to the range considered. Such behavior of GCinel(s, b), can be expanded for larger b with
the increase of the boundary value bmax.
The Fig. 2 shows the behavior of the inelastic overlap function in accordance with bmax and several collision energies
from the low-boundary. This boundary is the minimum allowable energy for nucleon-nucleon scattering
√
sl.b. = 2mp
up to the nominal energy for pp mode at the LHC, where mp is the proton mass [36]. The choice bmax = 1 fm is a
result of the typical linear scale of hadron physics.
As seen, GCinel(s, b) is characterized by the approximately flat behavior at small b
<∼ 0.1 fm, with consequent fast
decreasing as b grows for the energy range
√
s >∼ 14 GeV. Such behavior may be associated with the absence of an
internal structure combined with the naive potential description. The region of the weak changing of GCinel(s, b) is
reduced with the decreasing of the collision energy.
The inner panel is confirmed and (Fig. 2) shown the region of the visible difference between two curves GCinel(s, b)
at
√
s = 52.8 GeV (dashed line) and
√
s = 14 TeV (dot-dashed line). These features of the behavior of GCinel(s, b) are
in full accordance with a detailed analysis of the relation (17).
It is interesting to note that, in the approach of point-like hadrons, as the collision energy increases, GCinel(s, b)
shown in Fig. 2, extends to very small values of b. Furthermore, the behavior GCinel(s, b) corresponds to the black
disk approach considering bmin < b <∼ 0.10 fm and there is no signatures for hollowness effect at any
√
s. At
√
s <∼ 14
GeV, the inelastic overlap function decreases with the increasing of b, in almost the entire allowed range of the impact
parameter. The GCinel(s, b) is significantly smaller than 1.0 and black disk approach is not valid in the energy range√
s <∼ 14 GeV.
The b-dependence of the TE for the Coulomb potential can be immediately derived from the Fig. 2 and relation
(16). At qualitative level, the normalized TE adopting the Coulomb potential S˜ CT (s, b), is characterized by very small
values of bmin < b <∼ 0.10 fm with fast growth. And S˜ CT (s, b)→ 1 at large enough impact parameter values b ∼ bmax,
i.e. for peripheral collisions.
In accordance with the general view shown above, the TE s-dependence for the Coulomb potential is deduced by
substituting Eq. (16) into the relation (9). Considering
√
sc = 25 GeV and b < bmax = ε1bmin, where the ε1 = 10
and bmin is defined by sl.b., in order to (i) the condition bmin ≪ bmax be correct and (ii) the whole energy range be
available for calculation at certain b.
The detailed analysis of (9) reveals that k defines the sign of the S CT (s, b)
∣∣
b=bfixed
, and this quantity shows a sharp
behavior as s → sc. Furthermore, the absolute values of the TE for s < sc (|S CT | = −S CT ) are larger by orders of
magnitude than that for s > sc (|S CT | = S CT ). Therefore, the |S CT | seems the more adequate quantity for the study of
s-dependence of the TE for the approximation (14) of the Coulomb potential in b-space.
The energy dependence on the |S CT | is shown in Fig. 3 for several values of b. As expected, the |S CT |(s) is
characterized by a sharp behavior close to the critical energy sc, with a subsequent smooth decrease. The |S CT |
assume finite values at s → sl.b. in the energy domain s < sc. On the other hand, the absolute value of the TE (9),
for the Coulomb potential, decreases significantly with the growth of the collision energy for s > sc (Fig. 3).
The energy dependence on |S CT | is mostly defined by the k-factor. The influence of the V˜C(s, b) is weak and it
only manifests itself at low and intermediate energies: at the low boundary sl.b.. The relative difference between the
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FIG. 2: The behavior of GCinel(s, b) using the Coulomb potential, where the full line considers
√
sl.b. ≈ 1.88 GeV, dotted one√
s = 13.8 GeV, dashed curve
√
s = 52.8 GeV and dot-dashed line
√
s = 14 TeV. The curves are obtained considering the
approximation (14) and bmin ≤ b ≤ bmax with bmax = 1.0 fm. Inner panel: the region of the visible difference between two
curves at
√
s = 52.8 GeV and
√
s = 14 TeV.
exact V˜C(s, b) and the s-independent approximation (17) is about 9% for b = 0.5 fm and ≃ 0.7% for b = 1.5 fm.
Furthermore, this difference decreases fast with energy growth and it is negligible (< 0.5%) at
√
s <∼ 8 GeV for any
considered b.
The Coulomb scattering treats the hadrons as billiard balls and does not take into account the influence of the
internal arrangement of quarks and gluons for the complete description of the total cross section (and any other
physical observable). Therefore, any analysis of the elastic scattering should take into account quarks and gluons,
which may avoid the occurrence of bmin, presenting a physical explanation of what occurs for b < bmin.
B. Confinement Potential
The confinement potential is obtained starting from a Coulomb-like potential responsible by the strong interaction
in short distance, and a linear part describing the nature of confinement. In the lowest order, it is written as [35]
Vc(µ, r) = −4αs(µ)/3r + κr, (18)
where r is now the spatial separation of the pair, strictly speaking, the infinitely heavy (static) quarks and antiquarks
inside the hadron. The running coupling constant αs(µ) is responsible by the strong interaction at a specific energy
scale µ [36]. The string tension κ, in general, depends on the temperature, possessing an average estimation
√
κ ≈ 0.405
GeV [37] for cold strongly interacting matter. The exact analytic view of the αs(µ) within the 1-loop approximation
is
αs(µ) = (β0t)
−1, (19)
where t ≡ ln(µ2/Λ2QCD), β0 = (33 − 2nf)/12pi is the 1-loop β-function coefficient, nf is the number of quark flavors
active at the energy scale µ, i.e. are considered light mq ≪ µ, mq is the quark mass, ΛQCD is non-universal scale
parameter depending on the renormalization scheme adopted, corresponding to the scale where the perturbatively-
defined coupling would diverge [36].
The numerical value of ΛQCD depends, in particular, on nf and here one uses ΛQCD from [36], for a given nf . At
present-day, the convenient estimation of the αs(µ) is calculated within the complete 5-loop approximation [36, 38].
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FIG. 3: Absolute values of the TE deduced for the Coulomb potential in the impact parameter space, considering
√
sc = 25.0
GeV, bmin =
√
6/sl.b. and bmax = 10bmin. The solid lines correspond to b = 0.5 fm, dashed one – to the b = 1.0 fm and dotted
lines are for b = 1.5 fm. Details are described along the text.
Moreover, the running coupling constant can be defined from any physical observable perturbatively calculated [39],
and for each µ is obtained a αs resulting in a specific (18).
As seen from (19), one must require µ > µmin ≡ ωΛQCD to preserve the validity of the perturbative definition of
the coupling αs(µ). The softest case corresponds to the ω = 1 while more conservative and exact estimation is given
by [39]
ω = exp
[
F0(α
max
s )/2β0
]
, (20)
where αmaxs = β0/β1, F0(x) = x
−1 + β1/β0 ln(β0x), β1 = (153− 9nf)/24pi2 is the 2-loop β-function coefficient [36].
There are several estimation of µ based on Y exph , an experimentally measurable quantity. In hadronic collisions, for
instance, it is assumed µ = Y exph at Y
exp
h ≡ pmaxT [40] or Y exph ≡ m3 [41], where pmaxT is the transverse momentum of
the leading jet, and m3 is the invariant mass of the three jets leading in pT . The energy scale µ may be connected
with s by assuming the simple relation µ2 = ηs where 0 < η ≤ 1, which implies that µ is just a fraction of the energy
involved in the elastic scattering process2. This assumption is the analogous of the momentum fraction x carried by
a scattered quark in deep inelastic scattering. Taking into account the energy balance in collisions of the finite-size
particles, one can use η = 1/9 [42].
The hadron density grows as the energy increases, since there is a change in the fractal dimension of the total
cross-section, as proposed in [13]. This can be viewed as an increase in the parton density, which means very small
values of x. The cutoff in the parton density growth is studied by the Balitski–Kovchegov equation, that realizes
this saturation through pomeron fan diagrams [43]. On the other hand, as the density grows, the distance narrows
between constituents (q and q¯) in the pair and between pairs itself.
The confinement potential is of short-range in contrast with the Coulomb one and, by reason of the uncertainty
principle, the quantity µmin allows the unambiguous estimation the linear scale rmax ∼ µ−1min, up to which the con-
finement potential can be calculated with help of (18). One can expect rmax ∼ Rh, depending on the approach for
µmin and on the values of the ΛQCD at given nf [36], where Rh is the hadron radius. This upper cutoff for r tames
the divergence of the confinement potential (18). In general, should be considered b ≤ bmax ∼ rmax for the incoming
2 One can note that η = 1 within the approach of point-like particles used above in the Sec. III A, which corresponds to the case of
interactions between structureless fundamental constituents (fermions, bosons) of the Standard Model at present accuracy level.
9particles interacting by strong force with each other. On the other hand, smaller space scale r → 0 into hadron can be
probed in more central collisions with b→ 0. Therefore, one can assume r = ε2b, where ε2 ≤ 1, and the confinement
potential in the impact parameter space can be rewritten as
Vc(µ, r) = Vc(s, b) = −4αs(ηs)/3ε2b+ κε2b. (21)
The potential Vc(µ, r) and Vc(s, b) coincide exactly in whole domain (µ ≥ µmin; r ≤ rmax), due to exact (linear)
interrelations between the corresponding terms in the parameter pairs (µ, r) and (s, b). Taking into account the
general properties of hadronic collisions discussed above, it is used ε2 = 1.0 for the sake of simplicity, unless otherwise
specifically indicated.
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FIG. 4: Dependence of the confinement potential at
√
s = 14 TeV and nf = 3 (a), nf = 4 (b), nf = 5 (c) and nf = 6 (d)
with various approximations for αs(µ): solid line is for the 1-loop solution (19) and dashed curve corresponds to the 5-loop
approximation [36]. The softest scheme for µmin is used without loss of generality.
Contrary to the Coulomb potential, the confinement potential allows a glance in the hadron internal arrangement,
revealing its importance for the correct description of the scattering, even in this naive approach. The Fig. 4 shows
10
the b-dependence of the confinement potential (21) on the fixed
√
s = 14 TeV and various numbers of the light flavors3
nf for 1- and 5-loop approximation for αs(µ). The value ω = 1 is used for definition of the µmin and, consequently,
the largest value of the upper cutoff for b.
The 5-loop approximation for αs(µ) provides slightly larger values of Vc(s, b) than that for 1-loop exact solution
(19) only in the range of small values b <∼ 0.03 fm. The consistent transition from Fig. 4a to Fig. 4d shows the
weakening difference between the two curves with the growth of nf . Thus, in general the order of approximation for
αs(µ) influences weakly on the Vc(s, b) in the whole range of b at any nf considered, and the results are robust with
respect to the scheme of calculation for αs(µ). For definiteness, the modern 5-loop approximation is used for αs(µ)
below, unless otherwise specifically indicated. At intermediate energy
√
s = 52.8 GeV, Vc(s, b) does not depend on
the number of light flavors (Figs. 5a, b). The dependence of the confinement potential on nf manifests itself only in
the high energy domain, for instance at
√
s = 14 TeV, in which the wide set of the values of nf is available (Figs. 5c,
d). In the last case, the growth of nf has provided some decrease of the Vc(s, b) at small b <∼ 0.03 fm as expected,
expanding of the confinement potential for the larger impact parameter values b >∼ Rh due to the decrease of ΛQCD.
The changing of the scheme for estimation of µmin does not influence on the functional behavior of the Vc(s, b),
for both the intermediate (Figs. 5a, b) and the high energy (Figs. 5c, d) considered here. The transition from the
ω = 1 (Figs. 5a, c) to the conservative estimation of this parameter (Figs. 5b, d), leads to the decrease of the high
boundaries for linear scales r and b. The Fig. 6 shows the evolution of the Vc(s, b), with the collision energy growth
at fixed nf = 3 (a, b) and nf = 4 (c, d) for two different approaches for µmin. As seen, Vc(s, b) is larger for
√
s = 14
TeV than that for
√
s = 52.8 GeV at corresponding values of b for any number of light flavors nf and scheme for the
ω-parameter calculation. Furthermore, the difference between two curves increases with decreasing of b. The behavior
of the Vc(s, b) in Fig. 6 is explained by the smooth decreasing of αs(µ) with growth of µ [36], i.e. with the growth of
the collision energy due to the relation used here.
In general, the main features of the confinement potential shown in Figs. 4 – 6 are driven by contributions of the
different terms in (18) or, consequently, (21) for several ranges of the impact parameter values. The Vc(s, b) is sensitive
for the changing of nf , s mostly at small b, since the main contribution in this range comes from the first (short-range)
term in (21) containing αs(µ) that depends, in turn, on nf and s. The influence of the first term decreases with the
growth of the b, and contribution of the second (long-range) term becomes dominant in (21). This term depends
on string tension only and, consequently, Vc(s, b) it is not sensitive for nf and changes weakly with s, for relatively
large b > 0.1 fm. Here the changing of nf and / or s provides the different values of up boundary bmax for b–range
considered perturbatively.
It is necessary to normalize the potential (21) to obey the unitarity condition. As it is well-known, the second term
in (18) and (21) provides the main difference of the confinement potential from the Coulomb one, namely, the positive
values and the quasi-linear growth of the Vc(s, b) at large b, i.e. r (Figs. 4 – 6). The confinement potential passes
through the zero value at
b0 = ε
−1
2
√
ζ ∝
√
αs(ηs), ζ ≡ 4αs(ηs)/3κ, (22)
where the allowable ranges are taken into account for linear scales r and b, i.e. r, b > 0. Using the equation (15),
with appropriate values of γ, the confinement potential has a constant sign within the b-range under consideration.
However, in general, the potential V (s, b) may change its sign within the kinematic domain studied and this feature
can lead to the discontinuity for V˜ (s, b), if extremum (maximum) value of the V (s, b) is used as the scale factor. The
analysis shows that the using of the maximum for the absolute value of the potential, |V (s, b)|max avoids the possible
discontinuity in the behavior of the V˜ (s, b), in the case of changing the sign of V (s, b). Therefore, here the following
relation is used
V˜c(s, b) = |Vc(s, b)|/|Vc(s, b)|max. (23)
where |Vc(s, b)| is the absolute value of the confinement potential Vc(s, b), if the confinement potential changes the
sign within the b-range under discussion. In this case, the |Vc(s, b)|max can be reached at low or high boundary of b
(Figs. 4 – 6). Without loss of generality, the range bmin ≤ b ≤ bmax is studied below, where Vc(s, bmin) < 0 and bmax
is controlled by rmax. Thus, the normalized confinement potential in the impact parameter space can be written as
V˜c(s, b) =
b
bn
∣∣∣∣ 1− ζ/(ε2b)21− ζ/(ε2bn)2
∣∣∣∣ = bbn
∣∣∣∣ 1− (b0/b)21− (b0/bn)2
∣∣∣∣, (24)
3 The condition µ ≥ ε3mq is used for definition of the quark with certain flavor as light one and, in the present paper, at ε3 = 10.
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FIG. 5: Dependence of the confinement potential on impact parameter at
√
s = 52.8 GeV (a, b) and
√
s = 14 TeV (c, d) for
various nf : solid line is for nf = 3, dashed one – for nf = 4, dotted curve corresponds to the nf = 5 and dot-dashed one – to
the nf = 6. The left column (a, c) shows results for ω = 1 and curves for conservative estimation (20) are in the right column
(b, d).
where
bn =
{
bmin, if |Vc(s, bmin)| > Vc(s, bmax);
bmax, if |Vc(s, bmin)| ≤ Vc(s, bmax).
(25)
Here the confinement potential is assumed as still characterized by finite negative value for bmin
4.
4 One can note that there is no limit of the bmin, since it can be µ → ∞ in general. The present experimental restriction on the size
of fundamental constituents of the Standard Model can be suggested as the estimation of the low boundary (bl.b.) of the bmin in the
relation (25): bmin ≥ bl.b. ∼ 2× 10
−4 fm at µmax ∼ 1 TeV [36].
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FIG. 6: Dependence of the confinement potential on impact parameter at nf = 3 (a, b) and nf = 4 (c, d) for two collision
energies: solid line is for
√
s = 52.8 GeV and dashed one – for
√
s = 14 TeV. The left column (a, c) shows results for ω = 1
and curves for conservative estimation (20) are in the right column (b, d).
As seen above, Vc(s, bmax) < 2 GeV for any loop approximation (Fig. 4), scheme for µmin estimation, and nf values
(Fig. 5). Consequently, the condition |Vc(s, b)|max = Vc(s, bmax) is valid up to bmin >∼ 10−2 fm. Therefore, the lower
relation in (25) is, in general, applicable, while the upper equation in (25) is only for processes that probe the inner
structure of a hadron down to the very small linear scales.
Results are shown in Fig. 7 for detailed analysis of the dependence of V˜c(s, b) on the impact parameter for several s,
nf and ranges b ∈ [bmin, bmax]. The softest scheme for µmin is used without loss of generality. In Fig. 7a the relations
bn = bmax ≫ b0 are valid. In this case
V˜c(s, b) ≈ b
[
1− (b0/b)2
]
/bmax.
Here the nf– and s–dependencies survive in V˜c(s, b) due to b0 and bmax. These dependencies are seen most clearly
in Fig. 7b. The minimum of V˜c(s, b) goes to the smaller b with the increase of the dip for larger s and fixed nf in
13
accordance with the dependence αs(ηs). The relations bn = bmin ≪ b0 are valid in Figs. 7c, d. Then
V˜c(s, b) ≈ bbmin
[
1− (b0/b)2
]
/b20.
This equation allows two asymptotic cases: (i) V˜c(s, b)
∣∣
b→bmin≪b0
→ bmin/b and (ii) V˜c(s, b)
∣∣
b→bmax≫b0 → bbmin/b
2
0.
As seen above, there are no nf– and s–dependencies of the normalized confinement potential at values of b close to
the down boundary bmin of the considered range. At large b → bmax the energy and nf–dependencies display itself
due to b0 but these dependencies are (very) weak because of (very) small bmin. Here the bmax is most sensitive for
changing of nf and / or s. Figs. 7c, d confirm the results for the asymptotic behavior of V˜c(s, b) in the cases (i) and
(ii).
Therefore, the general conclusions follow from relations (24) in the domain of validity of the condition bmin ≪ b0.
The normalized confinement potential and corresponding inelastic overlap function G cinel(s, b) are weakly sensitive on
changing of the nf and s, and the energy dependence of the TE S
c
T is driven by k.
Based on the Fig. 7 the bmin = 0.05 fm is used in order to show clearly the nf– and s–dependencies of the inelastic
overlap function for confinement potential.
The Fig. 8 shows the dependence of the inelastic overlap function for the confinement potential G cinel(s, b) on b
at several nf and approaches for ω for two collision energies
√
s = 52.8 GeV (a, b) and 14 TeV (c, d). The scheme
for estimation of ω does not influence on the G cinel(s, b) at intermediate energy (Fig. 8a, b). However, the situation
is another at
√
s = 14 TeV (Fig. 8c, d): the conservative estimation for ω leads to smaller G cinel(s, b) at b < b0, in
comparison with the case for ω = 1, and the influence is weaker for larger nf . The influence of the nf on the view
of G cinel(s, b) is negligible at
√
s = 52.8 GeV (Fig. 8a, b), and the growth of the number of light flavors leads to the
increase in G cinel(s, b) at fixed b for
√
s = 14 TeV (Fig. 8c, d), especially for large nf = 5 and 6. For the confinement
potential, the regime of black disk G cinel(s, b) ≈ 1 is reached at b0 and in the region close to this inflection point
of the Vc(s, b). As discussed above, this region expands with the growth of the nf , especially for largest nf = 6.
Such behavior agrees with the qualitative expectation for the expansion of the region with high absorption in the
nucleon-nucleon collisions at higher energies. On the other hand, the general feature of the G cinel(s, b) in Fig. 8 is the
more transparent (gray) regions at both the small (b≪ b0) and the large (b≫ b0) impact parameters. Therefore, the
confinement potential provides the hollowness effect on central collisions at high energy
√
s = 14 TeV (Fig. 8c, d). In
general, the behavior of G cinel(s, b) in Fig. 8, obtained within the potential approach, confirms the results from [2, 3]
and analyzes done by [4–11]. Furthermore, one expects that inelastic overlap function description is better for small
b values considered.
The Fig. 9 shows G cinel(s, b), depending on b at several
√
s and approaches for ω, considering two different numbers
of light flavors nf = 3 (a, b) and 4 (c, d). The behaviors of G
c
inel(s, b) at
√
s = 14 TeV, depending on the scheme for
estimation of ω, leads to different relations between the two inelastic overlap functions at nf = 3 in Figs. 9a and 9b,
at nf = 4 in Figs. 9c and 9d. The maximum of G
c
inel(s, b) tends to the smaller b ≃ 0.15 fm with the increase of
√
s.
At ω = 1, the G cinel(s, b) is significantly larger at
√
s = 14 TeV than for
√
s = 52.8 GeV at b <∼ 0.15 fm. And vice versa
at larger b >∼ 0.3 fm, for both the nf = 3 (Fig. 9a) and the nf = 4 (Fig. 9c). Thus, the region of stronger absorption
shifts to the smaller b, i.e. appear in more central collisions, at
√
s = 14 TeV with regard of the corresponding region
at intermediate energy
√
s = 52.8 GeV. At conservative estimation (20), the behavior of the maximum of G cinel(s, b) is
the same in dependence of the
√
s. Nonetheless, the excess of the inelastic overlap function at
√
s = 14 TeV over the
quantity at
√
s = 52.8 GeV is seen in a significantly narrower region 0.07 <∼ b <∼ 0.15 fm. The relation is the opposite
between these overlap functions at larger b and near the behavior of G cinel(s, b)|√s=52.8GeV and G cinel(s, b)|√s=14TeV at
smaller b. These statements are valid at nf = 3 (Fig. 9b) and nf = 4 (Fig. 9). Thus, the conservative scheme for ω
lead to the hollowness effect for both very difference energies considered here.
All curves shown in the Figs. 8 and 9 reveal the presence of a critical value b0, in agreement with the analyzes
performed, showing the existence of a gray area at b < b0. As mentioned above, the bmin = 0.05 fm is mostly chosen
for the display of nf– and s–dependencies for G
c
inel. As expected from Fig. 7, the view of b–dependence of the inelastic
overlap function for the confinement potential changes with bmin dramatically. Fig. 10 shows the G
c
inel(b) at very
small bmin = 2× 10−4 fm,
√
s = 14 TeV and several nf for ω = 1 (a) and conservative estimation (20) used for µmin
(b). Accounting for the absence of visible nf–dependence in Fig. 7d, the curves for various nf are shifted on finite
∆ in Fig. 10a. At present the bmin = 2 × 10−4 fm can be considered as quite reasonable approximation to b = 0. In
this case G cinel(b) shows the close approaching for the black disk limit at accuracy level ≈ 2% for b varying in wide
range 10−2 fm <∼ b ≤ bmax. The range of b in which G cinel(b) ≈ 1 is expanded significantly for bmin = 2 × 10−4 fm in
comparison with Figs. 8 and 9. However, G cinel(b) decreases sharply in the narrow region close to the bmin in this case
too (Fig. 10). Therefore, the following general conclusions can be made. Although the use of confinement potential
is a naive approach, it is interesting to note that the description of the inelastic overlap function shows the black
disk limit occurring for b 6= 0 and a clear gray area (the hollowness effect) near b = 0. The gray area narrows with
decreasing of bmin but it survive at any finite values of the parameter bmin. The hollowness effect can be considered
as essential and intrinsic feature of the confinement potential approach.
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FIG. 7: Dependence of the normalized confinement potential on impact parameter with the following values of the low boundary
for b–range under studied: 0.2 fm (a), 0.05 fm (b), 5× 10−3 fm (c) and 2× 10−4 fm (d). Are considered two collision energies√
s = 52.8 GeV (thin lines) and
√
s = 14 TeV (thick curves). The V˜c(s, b) are shown for ω = 1 and solid lines are for nf = 3,
dashed ones – for nf = 4, dotted curves correspond to the nf = 5 and dot-dashed ones – to the nf = 6.
It should be stressed that ΛQCD is estimated only for nf ≥ 3 [36]. Thus, one can consider µ ≥ 0.96 GeV, i.e.√
s ≥ 2.88 GeV based on the perturbatively-defined coupling for strong interactions and taking into account the
condition for the lightness of the quark with certain flavor, as well as the relation between µ2 and s given above. This
energy range cover almost all energies allowed for nucleon-nucleon collisions with exception of the narrow region close
to the low boundary
√
sl.b..
The characteristic linear scales in the impact parameter space – bmin, b0 and bmax – are s-dependent. There is also
a relies on the number of loops for approximation of the αs(ηs) for the b0, and there is dependence on the scheme for
the estimation of µmin for the bmax. Within the general framework of the paper, the relation bmin ∼ µ−1 = (ηs)−1 is
used for a rough estimation of the lower boundary for the impact parameter at a given s.
The 1-loop approximation for αs(ηs) provides some larger b0 than 5-loop approximation at low and intermediate
energies. The relative excess is less than 0.2 at the lowest energy
√
s = 2.88 GeV, it decreases with increasing s and
the difference between values of b0, obtained within the two loop approximations, are negligible at
√
s >∼ 200 GeV.
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FIG. 8: Behavior of G cinel(s, b) using the confinement potential at bmin = 0.05 fm,
√
s = 52.8 GeV (a, b) and
√
s = 14 TeV (c,
d) for various nf : solid line is for nf = 3, dashed one – for nf = 4, dotted curve corresponds to the nf = 5 and dot-dashed
one – to the nf = 6. The left column (a, c) shows results for ω = 1 and curves for conservative estimation (20) are in the right
column (b, d).
Values of b0 are in the approximate range 0.40–0.50 fm at the lowest allowed s down to the ≃ 0.17 fm at
√
s = 14
TeV.
The detailed analysis of bmax(s) shows that it is constant at fixed nf , sharply increasing its changes within a
narrow range of s. The magnitude of the step increases with the onset of influence of heavier flavors, being largest
for transition from nf = 5 to nf = 6. As expected, the difference is constant between values of bmax, obtained with
the help of ω = 1 and ω defined by (20) at given nf . Values of bmax are in the range from on about 0.60 (0.35) fm
at
√
s = 2.88 GeV to the ≃ 2.20 (1.50) fm at the nominal LHC energy √s = 14 TeV for the softest (conservative)
restriction on the µmin. It is interesting to note that b0 >∼ bmax at
√
s ≈ 2.88 GeV for ω defined by (20) and 5-loop
approximation, i.e. in this case ∀ b : Vc(s, b) < 0, in the very narrow energy range close to the lowest allowed value of
s.
The b-dependence of the TE for confinement potential (S cT ) is driven by the Figs. 8, 9 and relation (16).
Likewise that for the Coulomb potential, the sign of the S cT is defined by k due to the normalization procedure.
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FIG. 9: Behavior of G cinel(s, b) using the confinement potential at bmin = 0.05 fm, nf = 3 (a, b) and nf = 4 (c, d) for two
collision energies: solid line is for
√
s = 52.8 GeV and dashed one – for
√
s = 14 TeV. The left column (a, c) shows results for
ω = 1 and curves for conservative estimation (20) are in the right column (b, d).
Furthermore, the TE for the confinement potential is characterized by sharp changing near sc. The absolute values
of the TE for s < sc (|S cT | = −S cT ) are larger by orders of magnitude than that for s > sc (|S cT | = S cT ). Then, as well
as in Subsec. III A, the |S cT | is the adequate quantity for study of s-dependence of the TE for the approximation (21)
of the confinement potential in b-space.
The Fig. 11 shows the energy behavior of the absolute value of the TE for the confinement potential within the
5-loop approximation for αs at bmin = 0.05 fm,
√
sc = 25.0 GeV, softest (a) and conservative (b) restriction on the
µmin for several b. The additional analysis shows that |S cT |(s, b) does not depend on the scheme for estimation of ω at
a given value of the impact parameter5. Thus, the values of b differ in Fig. 11a and 11b for most cases. As expected,
the factor k provides the similar general trends for the energy dependence of the TE in Fig. 11 in comparison with
5 See, for instance, the curves at b = 0.10 fm in Fig. 11a and 11b.
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FIG. 10: Dependence of G cinel on b for the confinement potential at bmin = 2.0 × 10−4 and
√
s = 14 TeV for various nf with
ω = 1 (a) and conservative estimation (20) used for µmin (b). The solid lines are for nf = 3, dashed ones – for nf = 4, dotted
curves correspond to the nf = 5 and dot-dashed ones – to the nf = 6. The curves are shifted on the finite ∆ in (a) for clearness.
the Fig. 3. However, the behavior of |S cT (s, b)| is more intricate than for the Coulomb potential. The very sharp
minimums are the |S cT (s, b)| = 0 at
√
s for which b = b0. As discussed above, the sharp changing of the |S cT (s, b)| due
to onset of influence of heavier flavors is most visible for nf = 6 in TeV-energy range.
IV. DISCUSSIONS AND CONCLUSIONS
The presence of the hollowness effect (gray area) cannot be associated with the limiting resolution of the facilities.
Of course, the de Broglie wavelength achieves its minimum at present-day energies at CERN LHC, but besides its
small value ∆r = 1/pcm ∼ 2/
√
s it still produces an unavoidable natural coarse-grain effect.
The entropy is, probably, the most important physical quantity of nature and should be taken into account in all
explanations of basic physics. Here, it is used the entropy in the Tsallis form. The entropic index w is replaced by
a convenient choice of parameters representing a phase transition occurring at s = sc, in total cross-section picture.
The probability density function is replaced by the inelastic overlap function in the impact parameter space. Then,
this form of entropy can allow the understanding of how the matter density induces the geometrical pattern observed
in this space.
Of course, the TE is one of several one ways to compute the entropy of a non-additive system. However, without
loss of generality, the cases of interest can be reduced to the Tsallis form, even the additive entropies by taking w = 1
[31, 32].
The increasing or decreasing entropy implies in an increasing or decreasing probability of the inelastic overlap
function, which result is the emergence of a critical value b0 associated with the matter distribution inside pp and p¯p
elastic scattering. Therefore, the entropy determines the existence of a critical value in the impact parameter space.
The consequence of that can be viewed as the presence of a fractal character in the momentum space [15–20].
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FIG. 11: Absolute values of the TE deduced for confinement potential in the impact parameter space on collisions energy
considering bmin = 0.05 fm,
√
sc = 25.0 GeV, softest (a) and conservative (b) restriction on the µmin. The solid lines are for
b = 0.10 fm while dashed curve corresponds to the b = 0.35 fm in (a) and b = 0.25 fm in (b), dotted lines are for b = 0.60 fm
(a) and 0.40 fm (b).
The behavior of ∂bGinel(s, b) is analyzed by assuming two considerations: by analyzing ReΓ(s, b) and ∂bS˜. The first
one is connected with the ImF (s, b) and the second with the thermodynamic properties of the TE. In both situations,
the resulting behavior is the same. Of course, one cannot prove the uniqueness of the behavior of Ginel(s, b) presented
in Figs. 8, 9 since there are subtle choices of parameters where ∂bS˜ does not present that behavior. However, based
on the ∂bReΓ(s, b) it seems to be unlikely.
The use of potentials mimicking the internal energy is not new in physics, probably remounting to Bohm quantum
potential [44] in Quantum Mechanics and, more recently, to [33] in nuclear scattering. However, the use here of the
Coulomb and the confinement potentials are illustrative of the physical behavior of pp and p¯p in the impact parameter
space.
The Coulomb potential treats the hadrons as point-like objects and its description using the impact parameter
picture does not allow any consideration near the forward direction. Far from the forward direction (high q2),
derivative terms can be added in order to achieve a better description of the inelastic overlap function introducing a
slowdown decaying for the tail.
On the other hand, the confinement potential considered here as the internal energy of the hadron shows the
hollowness effect. Derivative terms can also be added to obtain a better description of the tail of the inelastic overlap
function (low q2). However, these terms does not interfere in the description near the forward direction. Therefore,
the confinement potential allows the rise of this effect even if we add derivative terms.
In order to avoid the hollowness effect (from the point of view of the confinement), we should modify the confinement
potential by adding correction terms which acts only near the forward direction. These terms can, for instance,
corresponds to the kinematic terms emerging at a very high q2 (very short distances). However, it seems unlikely
since corrections for the linear term of (21) imply or in the decreasing of the strength of the confinement potential to
b → 0 or simply by not modifying its general behavior to b → 0 (or introducing some noise or small perturbations).
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None of these assumptions seems to be physically reasonable. Therefore, we claim here that the presence of a gray
area in the impact parameter space reflects the multifractal character of the hadron in the energy and momentum
spaces.
Analyzes carried out here are based on few physical assumptions and allows one to obtain the occurrence of the
gray area in the inelastic overlap function without the use of models for pp and p¯p elastic scattering. It should be
emphasized that the approach presented is not able to furnish the best fitting result, since this is not its proposal which
is, in fact, the qualitative study of both the possible phase transition in the total cross section and the existence of a
gray area in the inelastic overlap function. Bearing this in mind, the results obtained can help in the construction of
models taking into account the existence of both physical phenomena in the pp and p¯p elastic scattering.
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